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Abstract

The normal way of modelling skin effect is by adding one
or more extra rotor windings to the equivalent circuit of
the induction machine. Here, operational inductances
(transfer functions) are used for modelling skin effect.
In the derivation of the machine equations, the stator wind-
ings are modelled in the usual way. On the other hand, the
electric circuits (windings and eddy currents) on the rotor
are not explicitly modelled, but the rotor is seen as a linear
system (with a tranfer function). This system is excited by
the magnetomotive force caused by the stator currents,
given in the rotor reference frame. Its response is a contri-
bution to the air gap flux, which is transformed to the
stator reference frame. Next, it is used to find equations
for the stator voltages.
The rotor transfer function may be obtained from a
standstill test by means of modern system identification
techniques.

Introduction

The frequency of the electrical quantities in the rotor of an
induction machine ranges from very low (the normal slip
frequency) to normal (the grid frequency in case of con-
ventional starting) or very high (switching frequency of the
convertor). This means that the skin effect in the rotor
windings should almost always be taken into account in
the model of an induction machine.
The normal way of modelling skin effect is by adding an
extra rotor winding (without skin effect) to the usual equi-
valent circuit of the induction machine. When the model
does not come up to the expectations, more windings may
be added.
The way of modelling by means of adding windings to the
equivalent circuit is not quite systematic and it is difficult
to find out how many windings are needed and to obtain
the winding parameters.
In this paper operational inductances, similar to operational
reactances in synchronous machines, are introduced.
Because these operational inductances are actually transfer
functions in the frequency (s) domain, it is possible to use
modern system identification techniques. These system
identification techniques include the estimation of the order
of the system and the estimation of the parameters.

We begin by deriving the machine equations. In this deri-
vation, the stator windings are modelled in the usual way,
using generally accepted assumptions.
On the other hand, the electric circuits (windings and eddy
currents) on the rotor are not explicitly modelled, but the
rotor is seen as a linear system which is excited by the
magnetomotive force caused by the stator currents. This is
possible by first transforming the magnetomotive force
vector from the stator coordinate system to the rotor coor-
dinate system. The response of the linear system, which re-
presents the currents or current densities on the rotor, is a
contribution to the air gap flux given as a vector in the
rotor coordinate system. After transforming this flux vector
to the stator coordinate system, it is used to find expres-
sions for the flux linkages of the stator windings and the
stator voltages.

The problem to identify the transfer function representing
the currents or current densities on the rotor may be solved
by means of standstill tests, because in this case, the rota-
tion transformation is not active. Hence, it is also possible
to describe the whole machine by means of a transfer
function, which may directly be identified by modern
system identification techniques. After identifying this
transfer function, the transfer function representing the
currents or current densities on the rotor is derived.

Although the resulting model of the induction machine is
complete, it still is difficult to use because it consists of a
non-linear part describing the rotation transformation (rota-
tional voltages) in the time domain and a linear part
describing the rotor in the frequency (s) domain. The next
step is to transform the transfer function for the rotor to a
set of state equations by standard techniques and to elimi-
nate the rotation transformation by transforming quantities
in the rotor coordinate system to the stator coordinate
system. In this way a model of the induction machine is
obtained which only exists of (non-linear) state equations,
so that it may easily be used in simulation programs like
MATLAB/SIMULINK.

1 The basic model

In this section we develop the basic model of the induction
machine. The first step is the computation of the magneto-
motive force caused by the stator currents. After rotating



Figure 1 The observed sinusoidally distributed winding

Figure 2 The stator winding vectors

Figure 3 The stator and the rotor coordinate system

this magnetomotive force from the stator to the rotor coor-
dinate system, the rotor reaction on this magnetomotive
force is modelled by means of a transfer function. This
results in an expression for the air gap flux in rotor coordi-
nates, which is transformed to stator coordinates. Finally,
the stator voltages follow.

The stator currents as excitation
An important supposition in the modelling is that the stator
winding consists of three sinusoidally distributed windings
along the stator circumference in the air gap.
We start with observing one stator winding (subscript 1),
which is sinusoidally distributed along the stator circumfe-
rence according to

(1)

whereZ1 is the number of conductors per metre andα1
represents the axis of the winding (see figure 1). The angle
αs is the air gap coordinate angle.

Using Ampere's integral law, an expression for the magne-
tomotive force caused by the current in the windingi1 may
be found:

wherer is the stator bore radius. This expression may be
simplified by using the total number of turns of the
winding, which is found by integrating (1):

(2)

This results in

The observed winding may be represented by the vector
, which is in the direction of the axis of the winding

and the length of which corresponds with the total number
of turns, as is illustrated in figure 1.
Next, we introduce a vector for the magnetomotive force:

(3)

The length of this vector equals the maximum value of the
magnetomotive force (mmf) and the direction of the vector
is the direction of the maximum of the magnetomotive
force: the mmf is distributed cosinusoidally around this

vector.
Now, the mmf caused by a three-phase stator winding may
be found by a vector addition (see figure 2):

Up to now, the vectors were not represented in a particular
coordinate system. When the stator coordinate system is
used (with α-axis andβ-axis), the vector for the stator
mmf is

(4)

The superscriptαβ denotes that theαβ coordinate system
is used.

The rotor model
The rotor is supposed to be fully rotational symmetric, so
that the real rotor position does not matter. This condition
is mostly fulfilled because the number of bars in the rotor
cage is normally high.
To model the rotor, it is observed from the rotor itself in
a coordinate system which is fixed to the rotor. This rotor
coordinate system is denoted by the direct (d) and the
quadrature (q) axis, as is usual in synchronous machines
(figure 3; the dot on the circle is a mark on the rotor to
define its position).

Because the stator mmf vector is seen as the excitation for
the rotor, it should also be expressed in the rotor coordi-



nate system. This may be realized by means of the coordi-
nate transformation according to

(5)

where p is the number of pole pairs andθ is the rotor
position angle (see figure 3).
First, we consider the direct-axis component of the mmf
vector in the rotor coordinate system. In general, this com-
ponent is a function of time: . This changing vector
component results in a current distribution in the rotor
(which opposes its cause). As a result of this current distri-
bution and the stator magnetomotive force , there is
a flux density in the air gap: , whereαr is the rotor
coordinate (see figure 3).
In general, the spatial distribution of is not sinus-
oidal. However, because the stator windings are sinusoidal-
ly distributed, only the fundamental component of the spa-
tial distribution gives a contribution to the flux linkages of
the stator windings (a more formal proof may be found in
[1]). Therefore, only this component is considered further.
Thanks to symmetry properties, it may be expressed as

Since eddy current phenomena in the rotor have a linear
behaviour, these phenomena may be represented by a
linear system with as input and as output.
Hence, the Laplace transform may be used and the electro-
magnetic behaviour of the rotor may be described by
means of a transfer function (H(s)). The Laplace transform
of the amplitude of the flux density distribution is given
by:

(6)

For the quadrature axis a similar expression is found. Next,
the expressions for the direct and for the quadrature axis
may be combined to a vector expression:

(7)

This vector points in the direction of the maximum of the
fundamental wave of the flux density in the air gap.

Some remarks on the transfer function
We may write the transfer function in the following form:

(8)

In the case of a very fast changing mmf vector (the
Laplace variable is very high:s=∞), the fundamental wave
of the flux density is relatively small, but not zero (there
is always some leakage flux in the air gap). Hence, the
number of poles and the number of zeros in the transfer
function have to be equal.
In the following we use a second order transfer functions
as an example. So, (7) may be written as

(9)

The main flux linkages of the stator windings
To find the flux linkages of the stator windings, we start
to consider the contribution of the direct-axis component
to the flux linkage of phase windinga [1]:

(10)

where l is the core length. Using the vector notation for
the stator windings, this equation may be written as a sca-
lar product of the flux density vector and the winding
vector:

(11)

Here, we used thatpθ is the angle between the vector of
the fundamental wave of the air gap flux density (onlyd-
component) and the winding axis.
When the quadrature component is considered too, (11)
may be generalized to

(12)

We may see the area as a kind of area of the magne-
tic circuit for the air gap flux. So, we may introduce a
vector for the air gap flux:

(13)

Now, (12) may be written as

(14)

Hence, the fluxes linked with the three stator windings
may now be given by (see figure 2):

or

(15)

For the development of these expressions the stator (αβ)
coordinate system has been used.

The stator winding leakage flux
To find the stator winding voltages, the leakage flux has
also to be taken into account. The leakage flux of one
phase winding is represented by the inductanceLsσa. The
coupling by the leakage flux between the phase windings



is accounted for in the coefficient for mutual inductance
Msσab. The coupling by the leakage flux between the stator
and the rotor is supposed to be accounted for in the main
flux. Using these assumptions, we find for the stator flux
linkages:

(16)

The stator winding resistances and leakage flux
These fluxes may be used for the stator voltage equations:

(17)

The complete model
In fact, we now have a complete model of the induction
machine. This model consists of the equations (4), (5), (9),
(13), (15), (16), and (17).

2 The Clarke transformation

The model equations may be simplified by means of the
Clarke transformation. This simplification is based on the
fact that the air-gap behaviour of the machine is deter-
mined by the two components of the vectors and ,
as may be seen in the equations (4) and (15).
Here, we use the normalized Clarke transformation:

(18)

The basic elements of the transformation matrix automati-
cally arise from the equations (4) and (15).
Using the Clarke transformation, the expression for the
mmf vector (4) is simplified to:

(19)

and the expression for the main flux linkages of the stator
windings (15) is simplified to

(20)

Because in most ac machines the star point connection is
not used, there are no zero components. Here, we pay no
attention to the zero components. However, when they are

of interest, the belonging equations may easily be added.
Using that the zero component of the stator currents is
zero, we see in equations (16) that the leakage inductance
seen in one phase obeys

Using the Clarke transformation ((18)), the expression for
the stator flux linkages (16) now becomes:

(21)

Space vectors
The vectors with theα and the β components of the
voltages, currents, and flux linkages are called space
vectors. These vectors do not have any physical (spatial)
meaning, what is in contrast with the vectors and .
To get a more compact description of the induction ma-
chine these vectors are written like

(22)

If such a vector is rotated by means of the coordinate
transformation according to (5), it gets the form

(23)

The equations (19), (20), and (21) may now be written in
a compact form:

(24)

(25)

(26)

Using the Clarke transformation ((18)), the voltage
equations (17) now become (there is no zero component):

(27)

The complete model
Except for the Clarke transformation ((18)), the complete
model of the induction machine now consists of the fol-
lowing steps:
1. computation of the stator magnetomotive force ((24));
2. rotation of the stator magnetomotive force from the

αβ to thedq coordinate system ((5));
3. computation of the flux density by means of the trans-

fer function ((9));
4. computation of the air gap flux vector ((13));
5. rotation of the air gap flux vector from thedq to the

αβ coordinate system ((5));
6. computation of the stator main flux linkages ((25));
7. computation of the stator flux linkages ((26));
8. computation of the stator voltage equations ((27)).



3 The operational inductances

The next step in simplifying the set of equations, is combi-
ning the equations (9) and (13) in rotor coordinates (the
steps 3 and 4)

(28)

In correspondence with Hopkinson's Law, we may now
introduce the magnetic reluctanceRm for the cases=0,
according to

Now, we may write (28) as

(29)

After transforming the expression for the stator magneto-
motive force (24) and the expression for the main flux
linkages (25) to rotor coordinates by using (5), these equa-
tions may be combined with (29) to

(30)

Here, capitals are used to indicate Laplace transformed
quantities.
After introducing the main inductanceLsm according to

the equation for the main flux (30) becomes

(31)

After transforming the expression for the flux linkages (26)
to rotor coordinates by using (5), this equation may be
combined with (31) to

This expression is written in the form

(32)

In this equation, the operational inductanceLs(s) has been
introduced.
This operational inductance is similar to the well-known
operational inductances (reactances) of synchronous ma-
chines [2].

The complete model
Except for the rotation and the Clarke transformation ((5)
and (18)), the complete model of the induction machine
now consists of the stator voltage equation (27) and the
flux expression (32). It should be noted that the voltage
equation (27) is given in stator coordinates and in the time
domain, where the flux equation (32) is given in rotor
coordinates and in the frequncy (s) domain.

4 System identification
by means of standstill tests

For system identification standstill tests may easily be
used. Since the rotor is supposed to be cilindrical sym-
metric, we may chooseθ=0. This means that the rotor and
the stator coordinate system are the same and that we may
directly substitute the flux equation (32) into the Laplace
transformed stator voltage equation (27):

After measuring the stator resistanceRs and using the
Clarke transformation ((5)), the operational inductance
Ls(s) may directly be determined by means of modern
system identification techniques.

5 The simulation model

From frequency domain to time domain
Since it is the intention to make a model for digital
simulation, the operational inductance, which is a transfer
function, is transformed into state equations.
To find the corresponding state equations (time domain),
we first expand the transfer function (32) into partial
fractions:

(33)

Here the coefficients , , and have been intro-
duced, which follow directly from expanding the transfer
function. The coefficient is given by

This inductance is seen when the stator current (in rotor
coordinates) is changing very rapidly (the Laplace variable
s is very large). In the case of a second order system, this
may be called the subtransient inductance

Now, we introduce the fluxes:

(34)

Using these expressions, the Laplace transform of the
stator flux vectorΨs according to (33) may be written as



(35)

Next, the equations (34) and (35) are transformed to the
time domain:

(36)

(37)

As we may see, equation (34) passes into the set of state
equations (36), which may directly be used in a simulation
program.

The transformation from the rotor to the stator coordi-
nate system
The next step is the transformation of the equations (36)
and (37) to the stator coordinate system. This is realized
by multiplying these equations byCrot(pθ) according to (5)
and transforming the vectors:

(38)

(39)

Further, using (5), we develop the left term of the
equations (38):

After introducing the mechanical angular speed

(40)

this equations becomes

When we use this result in (38), we find

(41)

The square matrix in these equations may be seen as a
rotation over an angleπ/2. The corresponding (new) term
in the equations may be seen as a rotational voltage.

The stator voltage equation
The next step is to substitute the expression for the stator
flux (39) into the stator voltage equation (27):

After substituting the flux derivatives from (41) into this
equation, this stator voltage equation may be written as

(42)

The complete model
Except for Clarke transformation ((5)), the complete model
of the induction machine now consists of the stator voltage
equation (42) and the flux (differential) equations (41).
When we write the equations (42) and (41) in a state space
form, we find

(43)

(44)

Because a simulation program like MATLAB/SIMULINK
can use vector variables directly, these equations may
directly be used.

Conclusion

A model of an induction machine has been derived which
is completely characterized by the stator resistanceRs and
a transfer function, the operational inductance . This
operational inductance may be obtained from a standstill
test by means of modern system identification techniques.
Besides, it has been shown that this model may be expres-
sed as a (compact) set of state equations by expanding the
operational inductance into partial fractions and transform-
ing the quantities given in the rotor frame of reference to
the stator frame of reference.
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